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The exact solution of the problem given in the title is constructed by the methods
of integral transforms and analytic functions, This problem has arisen in connec-
tion with the theory of the linearly-deformable foundations, characterized by a
power kernel, The papers [1 - 6] are devoted to integral equations of the first
kind, In them, one assumes that such a kernel corresponds to the elastic half-
spzce whose modulus of elasticity is a power function of the depth, For the de-
termination of the exact form of the kernel one has to solve Flamant's problem
(in the plane elasticity theory) and Boussinesq's problem (in the three~dimensio~
nal theory), The solution of Flamant's problem is given in [7, 2] and a partial
solution of the Boussinesq problem is given in [11] (only the displacements on
the boundary of the half-space are calculated), An attempt for the computation
of the elastic field in the half-space can be found in a paper where the initial
terms of the series, representing the solution in spherical coordinates, are com-
puted but there is no general formula for them and the convergence is not esta-
blished, (*)

In this paper we will use cylindrical coordinates; the solution is expressed in
closed form in terms of known higher transcendental functions, The formulas of
the solution are obtained applying A, la, Aleksandrov's [8] process of transform-
ing plane problems of the theory of elasticity into axially symmetric ones and
conversely, and also by applying integral transforms whose kernels are Whittaker
functions,

1, We consider an elastic nonhomogeneous half-space, bounded by the planez = 0,
whose modulus of elasticity is a power function of the depth, i.e. p = Kz¥, where K
is a constant, while Poisson’s ratio v is constant, A concentrated force P acts along
the 2 -axis on the boundary z = 0 of the half-space, In order to solve the formulated
problem we apply the following formulas [8]:

1 2 ¢ p*(r)rdr
@) =—— S__—sz_;_ﬂ (1.1)
0
dr ; dz
5% - og* = Q Cet o) =g %= R" Vi 12

*) Belik, G,I.,, Some three-dimensional problems of the calculation of constructions
on generalized elastic foundations, Author's essay of candidate dissertation, Dneprope-
trovsk, 1963,
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r
x3 — r¥ dr z dr
8. * — oy* ~~((s‘—-cy) , u*:Su S -
o r? Vi LA I T4
r r
x dz dz
Trz*::‘g'rxr“‘__“__“—““g w*:gu——_—_
e r Y-z : Yri—n

Sy = V(3¢ -+ 6;)

Here and in the following, p (), 0y, Oy, 0,, Tx; Uy, Uy are, respectively, the load
the stresses and the displacements of the plane state while the asterisk denotes the quan-
tities of the axially symmetric state, For a given load of the axially symmetric state
(the concentrated normal force P} we determine by formula (1,1) the load correspon-
ding to the plane problem, One finds easily that

p (@) = — (2n¥)1Pz? (1.3)
As for the stress and displacement components of the plane state, corresponding to the
distributed load p (z),they can be found with the aid of the solution of Flamant's prob-
lem for a nonhomogeneous plate, whose modulus of elasticity is p = Kz¥ where
0k <.

The solution of Flamant's problem in polar coordinates is taken from [11]

6y = — CPz¥2%, o, = — CPz%%, 1,=—CPz"zp

z

Uy = Pﬂ;i {rcas (q arctg—f—)—~ qu 5 sm(([arc tg——)] (1.4)

u, = P\; [z oS (q arc lg -%—) + - 12 -~ sin (q arctg —;)J

¢ = («? 4 2% "V:lhY) cos (q are tg — 1 P o= (2% 4 z2)V«EHD (1.9)
Co P (g k) LR k)]
- :(1‘ 2"
i Coan v VY 11—vC
=la+m( - 25" 4=

Consequently, in the case of a distributed load p(z) the stresses and the displacements
are expressed by the integrals
@«

so= | POR@LEE,  ui= | pE)Ki(r,5Dd

—c —0

P

.R

o= | POR(@LYE,  w= ) pE K (.50

s %, i OO

6 = | P(®) Ry(x,3,%)d5 (1.5)

Ri(r,2) = Csfz2p, Ry(z,2) = AELELTTONY (¥, 2) = Cs¥leg

Ki(z,2) = ”—11;1 Pcos(qarcig-?—)—-— if;k sin(qarctg%)}
Ki(r,z2) = — —3—[ cos(g arclg— ) A;w—i _:& sm(garc Lﬂ——z-—}_}
Iir,z2,%) = 12)5(1’ ~ 3, %) (i=1,2.3), I\'j (“'7:’:‘:‘) o j(T——E,Z =12

¢ and ¥ according 1o (1, 5)
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Let p* (r) be a locally integrable finite function,

Then g
PrE)= ) p@)de=o@) fori-o (-7
By virtue of this, we obtain for the stresses and the displacements of the plane problem
¢ alts
Oy == — g P* ) wud?;, Uy = — \ P (g)ﬁ(_‘ii:_‘;zidg
o=~ \PrplllrBag o ( prgy azn g
a3 (x, z,
Tar = — ( pr SRR g (1.8)

we represent B; (z, 2) (i = 1, 2, 3, and K (z,2) (j = 1 ,2) by the Fourier integrals
R'i (.23, z2) = S Ri* (Z, %) Eisxdﬁ‘, K}' (.’I,', z) == ’s‘ K ;'* (5, %) ets%dg (1.9)

—0 e O
Substituting (1. 9) into the equalities (1, 8), interchanging the order of integration (this
is legitimate by virtue of the condition (1,7)), we obtain the stress components as ex -
pressed by integrals of the form
o

VisRig(z.5)e%ds | Per)eingg (=129 (1.10)

e OO —e

and the displacement components by the integrals

\ isK;, (z,5)e%ds | PRE) et (=12 1.11)
Since - o
D 2y ‘“_ — mg..._.
p (‘t‘) - “_T:[T‘:’* for p(l') T T Topipt

the inner integral in (1,10) and (1.11) is equal to — {2x)"1P sgns,
Then, the solution of the plane problem is

(>}
P ¢ L isx ro X tux ;
Oy = 5= \ $8gn sl (2,50 %ds, 5, = -5 ssgusfy, (7,8«
L
r y isx . )
Tz = 5\ S 3BU Sy (2, 5) €7 ds 1.12)
to
o oQ
I) * Lox P g - :\\
Uy == 5\ sSgNsAy, (2, 8) ey, y = =\ SSENSAL, (5w i
Y oo

The obtained results allow us to compute, with the aid of A, Ia, Aleksandrov's trans-

form (1,2), the stresses and the displacements in the axiaily symmetric case, tence
| - v 1

5, = PlyyVr,z), 3.7 ./’l o )ﬁ~~—— -/ Ny N TR TN

r
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o* =vP [fmw (r, D) + Ta® (r, 2) + =2 1,0, 2) — L Lo, z)}

vr

1,,* = Pil,® (r, 2) 1.13)

Here we have introduced the following notation:

1,0(r, ) = S Ry @ Wa () ds,  Laa®(r2) = { sRey (5, ), (k) ds (1.14)
] °

o0 -
u* = Pi S K1y (2, )y (rs)ds, w* = P S Koy (Vo (rs)ds  (1.15)
(] 0
Inverting (1, 9) and inserting the result in (1,13) and (1,15), we obtain the expressions
for the stresses and the displacements, Beforehand, in order to avoid a cumbersome
expression, we introduce the specially designed notation

@ 1 8 __ 1
™= TrAGEF O = YOG 7 F I (1.16)

e
Bh wn (2, 1) = ‘S. s/ EPOW 4y, ), — (1 qow (228) T (rs) ds
o

Here, the signs in the right and left-hand sides correspond to each other, With this not-
ation, the expressions have the form
for the stresses

6,* = — CPz'h (1) 22 k49) [, & Boso (ry 2) + Y- ®Byuo (7, 2)]  (1.17)
T,,* = CPzs 6-02-% 640 ({1 (4 + & + ) 14 Bious (2, 1) +
+ Y3 (4 + &k — q) 7O Biy (2, ] — 2 [Y+®B3on (2, 1) + 1-® B3 (z, )] —
g (ks_q’+3)+1/39'"?‘]‘]7-&(’)3;, e, 1) — [V (B*—¢* 4 3) — Yog + k] X

X 1-®Bun (2, 1)} (1.18)
for the displacements A —v)CP
— ¥
w1 2) = Sr g g gy Pl +E— 1P Biw (n2) +

+ (1 + &+ q) Y9 Bro (ry 2)] + Ya (k + ¢ — )20 Bty (r, 2) —
— Yy (k—gq—1)? 79)3:1000 (ry 2) — [Ma (B3 —q*—1) + Y,q] QTE}) i1.—1,00("7 z) 4+

+ [V (B2 — g® — 1) — Y501 g¥V B 51007, 7)} (1.19)

{—vworp
u* (I‘, z) == 2"'("*5)1{}13‘/’(}‘*1) {lfz (k +q9— 1) TS})Bilm (T, z) -+

+ Yo lo— g — DT BLon (r2) — 2 (k + 1)1 [(k — g + 1) 1By (r, 2) +
+ (kg + )TV Bion] — [Ya (82 — ¢ — 1) + Y391 YO BY ot () 2) —
— [Ya (B — g* — 1) — 1,9] Y BIy (1) 2) (1.20)

Expressing the Bessel functions Jg (rs) and J, (rs) by the Whittaker functions M,
(2irs) and M, (2irs) respectively, we arrive in the formulas (1,16) - (1.19) to integ-
rals of products of Whittaker functions, which can be computed in the sense of the prin-
cipal part [10], As a result we obtain

6.* () 2) =— 2O CP z"’(‘)’f)zi', 2471+ ® AP (1.21)
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o0 1 )
e =2 anoFa( g, ntm knt s if%—(u+kiq)+n: --—‘E‘)

Na={}
Here and in the following we have the notation
ir \"
e )
an 3F ; PP ( 2 T (@) I {as)
n 84 2 (“1:0‘2: Otgs Blv Bz, 7 ) == 7l )
ir

X gFy (0‘1'“21:0‘33 Bis Bas — ——)

z

Tt =20 CPra S (1 (1 -k + Y025 000 + Vs A +k—y9q T(S)Z;,z.@ 7~

had 172713)25,3.5,9 — 1*’2’1'(—3)2:;3.5‘9 — Y (B — ¢* 4+ 3) + Yyq + k] Tgs)z';.a.z;,s —
— Y4 (B* — q* + 3) + Y9 + K] T£3}2§2.4,9} (1.22)

o0 3 )
Theaue = 2 GsFa(gon+ %, kb nddi3, (0 + kdg) +n— )

n=0

where r < z.For the same domain of values of r and 2z the displacements are:

w*(r,2) = (1 —v) CP [2MKk (1 + k) 2" (A + & — @) T8 5,05 +
+ YA+ k+ 7% 505 + Yo lk +9— 1) qr% 11,5 —
— Yk —q— 1)9’7(—1)2;1,1,3 — [Ma (B —g* — 1) 4 Yag] QTS)E;,LI.s -+
+ Mg (B — g® — 1) — Vgl @751 115} (1.23)
u*(r,z) = — (1 —v) CPr (2" Khz" 21 {1/ (k 4+ ¢ — 1) Y S5 405 +
Yy —q =DV, s~ +E—q) (1 + B 2E; 5 —
—Ya U +E+qy (1 + &) 79’2;,3.3,7 — [y (B — q* — 1) + Y,q] T(a-l)zz;,z,z,'/ -
— [Ya (k2 — ¢* — 1) — Y,yq] Y25 5.5,7} (1.24)
However, if in the equalities (1,16) - (1, 19) we express the Whittaker function Wap
(225) in terms of the Whittaker functions M . (225), and the Bessel functions J, (rs)
and J (rs) in terms of the Whittaker functionsWy o (- 2irs)andW,,; (- 2irs)respec-
tively, then, making use of the same formula (7,625 (1) [107), we obtain for the dom-
ain z<Cr
6,* = — 2-0CPr (il (k + 2) Oy 18X aemy. 2,5 — Srem, 2,9) +
4 T (= — YO0 1y (— 1 — b — )] 2427040 [ Sy vy, ke
RO g e, o ] T 2) YYD (ST o, 3, — SCaem v 1
+ D(— & — 7O [y (— 1 — &+ )] 25200 X
X [ IST o o dearry -+ €~AEDR Sny Gy, a1}

SErp= D basFs(Yaldzg+ %), n+h nthin n 4 i)
n=H

(1.25)

SErw= 3 CasFa(ta(Fa+ 2, n kA nt hnyn 4 i — o).
n==p

Here and in the following
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z

L
{ — —
)=( o ’:: ) r(?)(;;ﬂ) oF 3 (0, g, 253 By, Bss T:‘)

zZ \n
14—
Cn SF2 (‘7'1’ ae, [e T Bl' Ba; — _L _ ( + ir ) I‘(Gz) I‘(a')
ir 21l nl I‘(ﬂz)

zZ
bnsFs (“u Oy, Og; By, Bas -

X sF, (0‘19 Olgy Oa; By Bay — ‘,‘z,—)
Tt =20 CP= (1, (A + k+ ¢) T (k4 2) 7. OO (rz) 2 i [N :1+k), 2%
— N, o] + 0 +k+ T (— k=27, @I Y (—1 —k—g)} X
X rU0IZhHL [t (be) i NSy ay, hanry + €% CR0 ™ NG o ey, o] +

+ Yy +k— )T (k + 21,97 OS2y i [N, 2,5, — N
+ - —(1+k), 2, ¥/ - L2, +
kO T kD) T b (T K 4 g sy x

X [/ (k4D "iN’ 2;+3), (k+a) (el F- €2 D TING o) evay, aees] — Yo T (k6 + 2) X
XY OO 28 (N an), 5, o — Nlaany, s, ) =T (—E—2)T1 [V, (—1—k—g)] X
X Y, OZhs=4d) [ h G mi b sy ) + R ERD TN LG e gl —
— YT (k 4+ 2) 1,07 @i [N, 5, — Noaun, s, vl — Yo T (— k. —2) X
XTI Yy(— 1— & -+ g)] 7. @zkstrket) [ D) % N o) 05y haag) +.€'/ slean)mi X
X Neas), o), oo — (Yo (B2 — g2+ 3) + Yo + K] T (R 4+ 2) T2 [Y, (6 +
+ k4 q)]1,®(rz)i [M-’—ta-l-k), 2,%, — Mi(3+k). 9,9, | — [V (B —¢* + 3 +
+ 1/2’q 4 k)] T (__ k— 2) I (Yol —k — 9) 'r+(3)z"+1r—(3+") [et ) mi ¢
X M), Gy, e + €5 EDTME 0 k. qra] — (Mo (B2 — g% 4 3) —
— Yo g+ kI R+2)T[Y, G+ &+ q] 1,9 (rz) i X [M:Ekﬂ), 2,3
— MZis),2,5.) — [V (B2 — >+ 3) =Yg + K] T (— k= 2) T2 [ (1 —
— k 4 q)] 7_®)zk1p—(k43) [ =2 (h41) mi M(Lk), (k+a), (e - €1 D = ¢

X Msa), kta), e+ (1.26)

Ninp= 2 busFy (Valdmg 4+ m)y nthy nt =25 %, 0+ p =)
n=p ir

N:jr‘)‘,p——— 2 C,,3F2(1/2(_;__q+x), nt+An+Rh—2); % n+pu; _%)

n=0

i o
MEsw= 2 baoFy (s (2 g+ %), n A, et (h— 25 %42, n i =)

n=0

M*?:A:Pzgocnsﬁlz(l/a(.i—q_"x)r n A, n+(7\r—2), ®+2, 0+ M, Tf‘_)

The displacements in the domain z <(T are
w*(r, z) = (1 —v)CP 2Kk +B) V) {1+ k— T k) 1,07 @ X
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X 2K (S, 0, o+ Sim o] (L HE— T (— R 1,0 X
X T (4 — & — q)] 2r7% [SGam, g2, ey + Samy, (kao, oeavn] + Yo (1 -F

+ k4 g T (k) 7,07 Oz %2 (85 4 5 v, + Saom, 2. + (1 + k& + @) 7@ X
X T (— B D1y (1 — & + )] 2% [S(zany, o), et -+ S, (s, chrm] +
+ Yy (k + ¢ — 1) g T (k) 1,07 02471 [Sfpy, 1, v, — S, 1, ] +
+ 1, (]5 +q— 1) gl (— k} 7*(1)[‘—1 1Y, (1 —_—t— 91 r(1+k) Jo-kn/2t ¢

X S, s, ket € 548Gy, eeny, o)l — Ha (6 — ¢ — 1) ¢ T (B) 77, ®,X
X 271 [Sgky, 1, — Sae, 1] — Yo (b — ¢ — 1) g T (— &)y OT Y, (1 —
— kA @)1 7O [e=kmE Sy ey kg €7 5 S Gy, Gesn) oot ] —
— Yo (B — g* — 1) + Yo 9] qT (k) 1,07 @27 [LE iy, 1, v, — L, ] —
— Yy (B —q® — 1) + Y5 g1 g0 (— &) 7, OT 1 [/, 3 — & — q) ] r s+ X
X e k7 Lk oy deen, eay - €72 F% Ly geany, qesr] -+
+ My (k% — ¢* — 1) — Y391 qT (k) Y- Or, Oz [ Ly, 1,0, — L, 1, 0] +
Yy B — g — 1) — Y, q) qU (— B) YO [, (3 — K - g) r—(#D) [etokm
X Ly, (o1, geesn + €75 Ly, gevmy, vy} (1.27)

LEnu= 3 bagFy(Valhgtm)nth nbhs w2 ntp )

ir
n=0

Ly =2 CMFz("/g(iq +ny A4 A w-F2, 04w —~-—.5—)

ir
n={

u* (r,7) = —(1 — V)CP (28 KkY )2 {¥, (k + g — 1) T (k) 7,07 Wz%r2 X
X NGy, 0,4, — Nioiy, . 3] + Yo (b + g — 1) T (— B) 7,00 Y, (1 — k—g)] X
X D) [ R mE N oy gy R €O RN S oy gy
Yotk — g — )T (k)7 O, W25 [Ny, 2, — Nan, 2.50.] +
+ Yyl — g — 1) D(— By v OT Yy (1 — & A ) r i [ OB =0
X Nies), (es2), vy €A ING Sy o] — M (U — (1 + kyt X

X T (k) v, 07 0252 [Ny o o, -+ N, s, on] — e (1 +E— ) (14 &)X
X T (= k) 1,00 [y (4 — &k — q)] 2% [e e X5 Nipy ey, e+
+ el Hmd N&m. (k+3), (k3] — Yy (- & -+ q) (- k)-l I' (%) T——mﬁm;kkfﬁ X
X AN Gy 8 1 -+ Naei, 0] — Yo U -HE 4+ @) (U4 R (= Ay @ X
XU Yy (1 — ktg)] 2039 (o757 Ny oy, (ke -+ €7 5 N an, oo, a1 —
— [ Yy (k2 — @2 — 1) + Yo q] T (k) 1, Wy _@z-kr=1i
X (B ey n, o — By, e.0) — [Ma (8% — g% — 1) -+1,q] I'(— k) YT 711, (3—
— & — )]0 [0 BT ey ey €O EG ) Gy, (039 ] —
— Ve (B — ¢ — 1) — Yog] TR Y102 M LE Sy, — By o] —[Va (2~
— g — 1) — Yoq] P(— k) YOI [, (B — k + @) 757 [007) By vy o+
+ e RRE By ey, (ke 1 (1.28)
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E::,)\,p.: Z b113F2(1/I2(j:q+K)’n+x1n+(}“_—2); 'K+2, n+p, —;;z-_)

n=0

Efne= 2 CasFa(Ma (2g 42, n+ A nt+ (h— 2 42, 0+ i — =)
n=0

Because of their awkwardness, we do not give the formulas for 0,*and G¢*. The deri-
vation of these formulas from the equalities (1,12), (1.13) is similar to the one given
above,

Thus, the solution of the formulated problem can be represented in the entire half-
space in integral form by the formulas (1,16) - (1,19), which are expressed by analytic
functions in the form of series of generalized hypergeometric functions (1,12) - (1,24)
for the domain r < z,and (1, 25) - (1. 28) for the domain r > 2. The functions, repre-
senting the solution in different domains, are not the analytic continuations of each
other,

2, From the integral form of the solution one can obtain an asymptotic expansion for
the obtained solution, Thus, making use of the asymptotic expansion of the Whittaker
function, we obtain an asymptotic expansion for 0,* for large z and a fixed r

St k+g S+k+qg 74+k+q , P
°z'~—CP’°’[ e P (T =)
34+k—q (S4k—q T4k—g 1
+ oot F ( 4 b—a )] @1
For small values of aand fixed - we have the following asymptotic expansion:
2-h4 T (k4 2) r T(—k—2)T(k+4
c*~—CP - N
T @y T AP a1 — k)]
T'(—k—2)T (k+4) 22 k44 —k—3 rs }
’ 5 s 7 2.
+T(_3)['[1/2(—1—k+‘1)]] 2T e F (T T L) @)

From the last relation it follows that g,* — 0 as 3 — 0 and r= 0. The fact that the ob-
tained solution satisfies the boundary conditions (1,28), can be easily seen also from
the exact representation of the solution by the formulas (1,23), (1, 24), since

(=]
. 4
¢ 3Fa | oy oz, as; By B2 — —

n=0

o
z
Z b sF2 (ah oz, s, Bu Ba T) for z—0
n=s0
tend to the same limit and the generalized hypergeometric functions which occur in the
sums have identical parameters, This limit is equal to
T (o2) T (aa)
—T@) 3F1 (a2, ag; Pa; Yf2)
From (1.27) we have for r = C that g,* ~ Az7%,where 4 is some constant The same
behavior can be obtained for 0,* on the z-axis from the exact representation of the
solution by formula (1.20), namely

. 3P .
0, lrmg = — 5~ Ms
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Here
Mo ktIELD) T4k—g

1 1
8 {w+k—w6+k—@FT&*+¢"—§—*;3ﬂ+

! T4ktq . 1
+srEFaeTEEy F (B s — e )]

We give the values of the constant M, computed for some values of v and k

v k q M
i 1.026980  1.063809
s 1y 1.060670  1.245814

s 1.026980  1.308436

1y, 1.037821  1.030632

Yu I, 4.118034  1.349478
s 1.153698  1.452385

On the boundary plane s = 0 the displacements are obtained in the form
(1 —v) CPqsin(fang) T (fa + /2k)
KA B YVar | 4+ k)
(1 — %) CP cos (Yaxg) I' (1 4 Yak)
2Kkr™* YR T (Y2 4 k)
The first of the formulas (2, 3) has been obtained earlier [11], For k = 0 from (1.20)
we obtain ir

6,2 (r2) = — —g—— 24m= iz a 3F‘>(‘iz,n+2,n-§~4 1,n+3; ,_.....)+

4
n=g

w* (r, 0) =

u*(r,0) = 2.3)

ir

+ Za an(‘/z,n+2 ntdiln 44 ———)] .

Hence, for »r = 0 we obtain the already known result [12]
5,* (0, 2) = — 3P (2mz%)?
The already known results [12] can be obtained also from the formula (2.1) for & = 0.
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The solution is given of a number of problems on the elastic equilibrium of an
infinite wedge with a nonsymmetric notch at the apex by using the method elu-
cidated in [1], The solution is obtained in the form of the Cauchy-type integrals
for various homogeneous conditions on the side faces of the wedge,

The problem of representing 2 X 2 matrices given on a curve L in the complex
plane and belonging to a certain class is posed and solved in closed form in
[2. 3]in the form of the product of 2 x 2 matrices holomorphic to the left and
right of £ whose boundary conditions on I commutate,

A simpler solution of the mentioned homogeneous Hilbert problem, more con-
venient for applications, is given in [1], It is also shown here that the problem
of elastic equilibrium of an infinite wedge with nonsymmetric notch at the apex
and stress-free faces reduces to an inhomogeneous Hilbert problem for a two -
dimensional piecewise-holomorphic vector, where the matrix factor belongs to
the above-mentioned class in three cases,

1, Reduction of the problem of elastic equilibrium of a wedge
with a notch to an inhomogeneous Hilbert problem, Let an infinite
triangular wedge occupy the domain 0 <C ¢ <C 81in a plane with the polar coordinates
s @ . Values of the stresses Oy, T, are given on the face ¢ = 0, but on the face
¢ = @ we consider homogeneous conditions of one of the following kinds :



